Abstract.
Introduction
In this paper we assume that all spaces are Tychonoff. Bel'nov [1] proved that every space X can be embedded into a homogeneous space Gx such that indGx = indX, IndGx -IndX, and dimCT*-= dimZ in the case when the corresponding dimension of X is finite. The space Gx is a free group over X with continuous right translations. Bel'nov (see [5] ) asked whether every space X can be embedded into a topological group G with dim G < dim X.
Shakhmatov [5] proved that if n ■£ 0, 1, 3, 7, then the «-dimensional sphere Sn cannot be embedded into an «-dimensional topological group. Thus the answer to the above question is no. However, Shakhmatov also proved that in case dimX = 0 the answer to this question is yes. Hence it is natural to ask whether every space X can be embedded into a topological group G with dimC7 < dim A" in case dimX =1 or 3 or 7.
In this paper we prove that the answer to this question is no in case dim X -1. Namely, we prove that if a topological group G contains the bouquet Sx v S1, then dim G > 2 holds. Obviously, dim(Sl V51) = 1 . Hence the bouquet Sl V Sl is a counterexample to a question of Bel'nov in the one-dimensional case.
Preliminaries and lemmas
We denote by R, Q, 7, and Sl the real line, the rational space, the closed unit interval [0, 1], and the 1-sphere, respectively. We put dl2 = (7x{0, 1})U ({0, 1} x 7). We denote by d the Euclidean metric on R3. For two continuous TAKASHIKIMURA mappings / and g of a space X into R3 we put d(f, g) = sup{d(f(x), g(x)) :x£X}.
For a subset X of R3 and for any e > 0 we put U(X, e) = {a £ R3 : d(a, X) < e} .
For a subset X of R3 we denote by ix the inclusion mapping of X into R3. For a mapping /: X -> y and for a subset ^ of I we denote by fiA the restriction of / to A . Let TV,3 be the subspace of R3 consisting of all points which have at most one rational coordinate. The following lemma is needed in §3. Then, obviously, T2 is a torus. For every 6 , 0 < 6 < 2%, we put Fe = {(rcosO, rsind, z) £ R3: r > 0 and z £ R].
Let K be a polyhedral 1-sphere satisfying the following two conditions (*) :
KcU(C, l)n(((RxQ)u(QxR))x{0}) and W \Fe n K\ = 1 for every d, 0 < 6 < 2n.
We shall construct a continuous mapping pK : R3 -(Tí UZ) -> T2. For every 6, 0 < 6 < 2n , let pe : Fe -{xg} -► Fe n T2 be the projection of Fe -{xe} from the point xe onto Fe n T2, where {xe} = Fe n K. Let pK : R3 -(K U Z) -> T2 be the mapping defined by Pic(rcosd, rsind, z) = pe(rcos6, rsind , z)
for every (rcosd, rsind, z) £ R3 -(K u Z). Then /7/r is continuous. The proof of the following lemma is easy, so we omit the proof. Recall that the bouquet Sl V Sl is the one point union of Sl and Sl with the common point.
We are now in a position to establish our main theorem.
3.2. Theorem. If a topological group G contains the bouquet Sl V Sl, then dim G > 2 holds.
Proof. Suppose that a topological group G with dim G < 1 contains the bouquet S1 V 51. Since L U M is homeomorphic to S1 V Sl and since G is 
Remarks and questions
4.1 Remark. Vopenka ([7] or see [3, ) constructed a compact space X such that dim X = n < to and ind X = oo. Shakhmatov [4] proved that the above space X cannot be embedded into a finite-dimensional, locally pseudocompact topological group. However, it is unknown whether the above space X can be embedded into a topological group with the same dimension of X.
4.2.
Remark. In the proof of Theorem 3.2 we get a contradiction to assume that dim<p(I2) < 1. Because q>(I2) is compact and metrizable, if indC7 < 1 or Ind G < 1, then we have dim<p(I2) < 1 . Hence the bouquet Sl V Sl cannot be embedded into a topological group G such that ind G < 1 or Ind G < 1 or dim G < 1.
It is well known that every separable metrizable space X with dimX = « can be embedded into the (2« + l)-dimensional cube 72"+1 . Obviously, 72n+1 can be embedded into the (2« + 1)-dimensional torus T2n+1 . Hence every separable metrizable space X with dimX = « can be embedded into a (2«+l)-dimensional compact metrizable topological group. It is easy to see that every «-dimensional, locally separable metrizable space can be embedded into a (2«+l)-dimensional metrizable topological group. 4.3. Question. Does there exist a mapping cp: oe -► <y such that every metrizable space X with dim X -n can be embedded into a (metrizable) topological group G with dim G <(p(n)l Shakhmatov also gave some similar problems in [6] . It is obvious that the bouquet S1 VS1 can be embedded into the 2-dimensional torus T2. However, it is well known that if « > 8, then the complete graph Kn cannot be embedded into T2. Since K% contains Sl V Sl, Kn cannot be embedded into a topological group G with dim G < 1 for each « > 8. Obviously, K" can be embedded into the 3-dimensional torus T3. A space X is atriodic if X does not contain the complete bipartite graph K\ ;3. Obviously, the bouquet Sl V Sl is not atriodic. 4.5. Question. Can the complete bipartite graph 7<i 3 be embedded into a topological group G with dim G = 1 ?
If a graph X is atriodic, then every component of X is homeomorphic to S ' or 7 or the singleton. Thus an atriodic graph can be embedded into S1 x Zp , where p is the number of components of X and Zp is a group consisting of p points with discrete topology. Hence if the answer to the above question is negative, then a graph X can be embedded into a topological group G with dim G = 1 if and only if X is atriodic.
Added in proof. H. Kato and J. Kulesza, independently, constructed an ndimensional space X such that every topological group G containing X has dim G > « + 1. They also gave a negative answer to Question 4.5.
